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Abstract. We propose an algorithm to find a solution to an integro-differential equation of
the DGLAP type for all the orders in the running coupling α with splitting functions given at
a fixed order in α. Complex analysis is significantly used in the construction of the algorithm,
we found a simpler way to calculate the involved integrals over contours in the complex planes
than by any of the methods known at present.
1. Introduction
The structure functions of proton may be measured experimentally in deep inelastic scattering
processes [1]. Gribov and Lipatov studied these processes in QED and found that these structure
functions satisfy certain integro-differential equations [2, 3, 4]. The renormalization group
equations (RGEs) for the coefficient functions of the operator product expansion have been
obtained in the Nobel prize paper [5] which marked the discovery of QCD. Then, Altarelli and
Parisi wrote these RGEs for the coefficient functions of Wilson operator product expansion in
an integro-differential form and interpreted them as integro-differential equations (IDEs) for
the parton distribution functions (PDFs) [6]. Similar IDEs were written at the same time by
Dokshitzer [7] who developed to the QCD case the Gribov and Lipatov approach used in QED.
These IDEs became known as Dokshitzer-Gribov-Lipatov-Altarelli-Parisi equation (also known
as DGLAP equation).
It is known that two steps are necessary in order to solve the IDE of DGLAP type. The first
step is to take the Mellin moment of both the parts of the DGLAP IDE with respect to Bjorken
x. This transforms the IDE of DGLAP-type to a first-order differential equation with respect to
the scale of momentum transfer and to solve this differential equation for the Mellin moment.
The fully analytic solutions of the non-singlet and singlet evolution equations are known since
the late nineties at next-to-next to leading order with small x resummations included. In [8, 9]
the evolution operator in the case of the running coupling has been constructed. These equations
may be solved, the recent developments may be found in [10]. On the other hand, Mellin space
solutions even to NNLO with running coupling exist, and have been worked out in several
numerical codes, for example [11]. There are various later numerical software packages too [see
e.g. the citations of [11]].
Suppose we know the solution to the corresponding differential equation. This talk is devoted
to the second step which consists in the inverse Mellin transformation to the Bjorken x-space.
The traditional way is to decompose the exponential function in terms of the coupling (fixed or
running) which we evaluate then at the residues on the complex plane of the Mellin moment,
see for example [12, 13, 14]. In such a way we calculate an infinite series of the inverse
transformations, each one is for every order of the coupling. At the lowest order in the running
coupling the calculation may be done analytically, however even at this level a lot of work is
required when the real QCD case is considered instead of toy models. There are different software
packages available to do all these steps analytically, at least at leading order. A numerical
software package “PartonEvolution” has been developed in [16]. Another numerical package
QCDNUM has been created later [17, 18].
At higher orders new advanced analytical software tools exist. They are based on using
concepts from algebraic geometry like a shuffle product [19, 20]. Harmonic polylogarithms
are described in [15]. Here we propose an alternative way which reduces evaluation of the
inverse Mellin transformation to calculation of the inverse Laplace transformations of Jacobians
corresponding to certain complex diffeomorphisms. These diffeomorphisms may be performed
in the complex plane of the Mellin moment. These complex mappings make the structure of the
integrands uniform reducing it in many of the cases to the standard tables like [21].
The structure in Mellin space in Ref. [8] suggests that analytic inversions of some evolution
kernels to x-space usually will need the introduction of new special functions on just the
perturbative side both in the case of fixed and running coupling. In this talk we suggest that
the origin of these new functions may be classified by certain diffeomorphisms in the complex
plane of the Mellin moment.
There is another important point. Physically, to introduce these functions is, however, not
very useful either, since the parton densities have still to be Mellin-folded with the shape of
PDFs at the starting scale Q20 in the x-space, and one has no a priori shape parameterization for
those. In general, we have to parametrize a distribution at some scale and evolve this distribution
according to DGLAP IDE. One of the parameterizations is a Bernoulli parametrization [22] at
the scale Q20, see for example [23, 24, 25]. Instead of one Beta function a combination of them
may be taken [23].
The convolution with Bernoulli distribution usually may be done numerically. This is the
common philosophy that it is better to parameterize the PDFs in Mellin space and to perform
the one needed final numerical integral as the inversion integral itself. This is widely agreed in
the community that one integral in all cases has to be numerical to allow for flexible enough
inputs at the starting scale. As we have explained above we do not need this last integral to do
numerically.
The complete form of the DGLAP equations for PDFs in QCD may be found in the original
papers [6, 7].
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with ∆ij(x, u) = qi(x, u) − qj(x, u) and Σ(x, u) =
∑
i [qi(x, u) + qi(x, u)] , where ∆ij(x, u) is
non-singlet distribution function, Σ(x, u) is a singlet distribution function, G(x, u) are gluon
distribution function, Pqq, PqG, PGG are the splitting functions, which may be found from
anomalous dimensions of operators in QCD [26, 27], u ≡ Q2/µ2, Q2 is the momentum transfer,
µ2 is a scale, α(u) is the running coupling.
2. Analytical solution to DGLAP equation
In this section we consider an analytical solution to the evolution equation, using a very simple
toy model. To begin, an IDE of DGLAP-type in which the splitting function P (x) participates
may be written as
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)
. (4)
The standard way is to take Mellin N -moment of both the parts of this equation and to obtain
the relation
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in which the anomalous dimension γ(N,α(u)) is defined as
∫ 1
0 dx x
N−1P (x) = γ(N,α(u)), and
M [G(x, u), x](N) is the Mellin moment of G(x, u) with respect to variable x. In the limit of
small x Eq.(5) is an approximation to the system of Eqs.(1-3) because the gluon distribution
becomes dominant in this limit.
The gluon distribution G(x, u) is called integrated gluon distribution. It is related to
unintegrated gluon distribution ϕ(x, k2
⊥
) by the relation
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It appears, it is always possible to construct from ϕ(x, k2
⊥
) a function which satisfies the
same DGLAP equations as well as the integrated gluon distributions do. For example, in
case when the coupling constant does not run, we have the same DGLAP equation for
φ
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)
, that is [28]
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.
We may substitute the inverse Mellin transform
∫ a+i∞
a−i∞ dNx
−Nφ(N,u) into this DGLAP
equation and obtain the equation
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a−i∞
dNx−Nφ1(N)u
α
2pi
γ(N,α)
[
γ(N,α) − xN
∫ 1
x
dy
y
y−NPGG
(
x
y
, α
)]
= 0,
which may be treated as a self-consistency condition for the shape φ1(N) [28].
If we leave only one term in the splitting function, the solution for unintegrated gluon
distribution function in the small x limit is simple [29]. For example,
PGG(z, α) = 2z.
In such a case, the self-consistency condition above is
∫ a+i∞
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= 0, the
anomalous dimension is γ(N,α) =
2
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, and if we choose φ1(N) = 1/(N + 1) to fulfill the
self-consistency condition, we obtain the Bessel function in the result of the inverse Mellin
transformation
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3. Duality between DGLAP and BFKL via complex diffeomorphism
Originally, our idea to use complex diffeomorphisms to make the structure of the integrands
uniform has appeared when we tried to find a new approach to duality of two IDEs, DGLAP
and BFKL [31, 32, 33, 34, 35], for unintegrated PDFs. This issue of duality was developed in
Refs. [13, 14] in the late nineties and at the beginning of the years two thousand and served
to evaluate enhancement of small x contributions to PDFs. Small x contributions could be
resummed via BFKL equation [30]. At the same time, ways to solve the BFKL IDE with the
running coupling may further be searched for. Complex diffeomorphisms in the plane of Mellin
moment may appear to be a powerful tool here. In this section we analyze the duality relation
via complex mappings and in the next section we apply the same trick to reduce calculation of
PDFs to the inverse Laplace transformation of Jacobians for diffeomorphisms. The main trick
is that we obtain BFKL equation from DGLAP equation by complex mappings.
We take a result from the previous section, φ(x, u) =
∫
−1+δ+i∞
−1+δ−i∞
dN
x−N
N + 1
u
1
N + 1 , and make
a complex diffeomorphisms in the complex plane of variable N and go to another variable M
which is related to the original variable N by the duality transformation γ(N) = M in the
integral. If we define the inverse function χ(M) ≡ N, then we model the duality condition
χ(γ(N)) = N and γ(χ(M)) = M. To our knowledge, this duality condition for the first time
appeared in the paper of Catani and Hautman in 1994, Ref.[30]. In this example we may write
explicitly,
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− 1 ≡ χ(M), (7)
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and make the corresponding diffeomorphism in the complex plane of the variable N
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.
We have reproduced the same Bessel function, as it should be because the integral does not
depend on the change of variable. We may write the gluon unintegrated distribution function
in a dual form
φ(x, u) =
∮
C1
dNφ(N,u)x−N =
∮
C2
dMφ(x,M)uM = xI0
(
2
√
lnu ln
1
x
)
.
The contour C2 is an image of the contour C1 with respect to the mapping in the complex
plane of the Mellin moment. The functions φ(N,u) and φ(x,M) satisfy to different differential
equations,
u
d
du
φ (N,u) = γ(N,α)φ (N,u) , x
d
dx
φ (x,M) = −χ(M,α)φ (x,M) .
The solutions to these equations are power-like functions, φ (N,u) = φ1(N)u
γ(N), φ (x,M) =
φ2(M)x
−χ(M), in which the functions φ1(N) and φ2(M) are related by complex diffeomorphisms
(7) which is governed by the duality condition χ(γ(N)) = N. The first equation is produced
by the DGLAP IDE after taking the Mellin moment with respect to variable x. The second
equation is produced by the BFKL IDE. After making the inverse Mellin transformation in N
and M planes, this couple of differential equations becomes dual IDEs, which are the DGLAP
and the BFKL equations. This couple of IDEs is called dual because they contain the same
information about the unintegrated gluon distribution function.
4. Inverse Laplace transformation
By using the same approach based on the change of variables in the complex plane we did in
the previous section in order to relate DGLAP and BFKL IDEs in case of the fixed coupling,
we represent the inverse Mellin transformation in a form in which we may identify the inverse
Laplace transformation. A part of these integrals may be found in Ref. [21], for example.
Now we use the experience obtained in the previous section and get the same gluon
unintegrated distribution function xI0
(
2
√
lnu ln 1x
)
from another complex mapping which has
nothing to do with the duality between DGLAP and BFKL IDEs,
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∫
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dN
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u
1
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∫
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dN
e
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N + 1
=
∮
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(
2
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,
where the complex variable M is defined by mapping −M(N) lnx lnu = −N lnx +
lnu
N + 1
. As
we may see, the results obtained for PDF appeared to be the inverse Laplace transformations
of Jacobians of the diffeomorphic mappings in the complex plane.
5. The running coupling
In case when the coupling runs, the complex mappings still may be used to relate the BFKL
and the DGLAP equations. The differential DGLAP equations in the small x limit for the
unintegrated gluon distribution is
u
d
du
φ(N,u) =
α(u)
2pi
γ(N,α(u))φ(N,u) ⇒
d
dα
φ(N,α) =
α
2pi
γ(N,α)
β(α)
φ(N,α),
where the coupling α has been chosen as a variable in a usual way instead of the scale u for this
equation, β(α) = u dduα(u). Then,
φ(N,α) = φ1(N) expF (α,N)⇒ φ(x, u) =
∮
C
dNφ1(N) exp [F (α,N)−N lnx] ,
where
∂
∂α
F (α,N) =
α
2pi
γ(N,α)
β(α)
. Now, in order to obtain the BFKL equation via mapping, we
choose a new variable M so that Mα = F (α,N).
In order to transform the Mellin moment of the PDFs back to the Bjorken x space, we try to
choose a new integration variable M in such a way that the integrand is as simple as possible.
The integrand would be a product of Jacobian of the mapping and of the shape function φ1(N)
rewritten in terms of the new variable M.
6. Conclusion
As we have proposed in this talk, the diffeomorphisms in the complex plane of the Mellin moment
are an efficient way to relate the DGLAP and the BFKL equations, in case of fixed or running
coupling. We try to extract more benefits from this observation and adjust the mapping in each
case so that the inverse Mellin transformation simplifies by reducing itself to the inverse Laplace
transformation which corresponds to the table integrals in many of the cases. The new variable
should be chosen to reach the maximal simplicity for the integrands.
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